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Definition (SBL--algebra, 1st part)

By an SBL -algebra we mean an algebra
A=(AV,A G,—,7,0,1) of the type (2,2,2,2,1,0,0), where
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By an SBL -algebra we mean an algebra
A=(AV,A G,—,7,0,1) of the type (2,2,2,2,1,0,0), where

@ (A V,A,®,—,0,1)is an SBL-algebra:
(BL1) xoy=yox,
(BL2) 1ox=x,
(BL3) xo(x—y)=yo(y—x),
BL) (xoy)—z=x—(y—2),
(BL5) 0—x=1,
BLE) (x—=y)—2)—>(((y—>x)—2)—2)=1,
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Definition (SBL--algebra, 1st part)
By an SBL -algebra we mean an algebra
A=(AV,A G,—,7,0,1) of the type (2,2,2,2,1,0,0), where
@ (A V,A,®,—,0,1)is an SBL-algebra:
BL1) xoy=yox,

(

(

(BL2) 1ox=x,

BL3) xo(x—y)=yo(y—x),

(BL4) (xoy)—z=x—(y—2),

(BL5) 0—x=1,

(BLe) (x—=y)—2)—=(((y »x)—2)—2)=1,
(

SBL) (x©y)—=0=(Hx—=0)V(y—0),
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Definition (SBL--algebra, 1st part)
By an SBL -algebra we mean an algebra
A=(AV,A G,—,7,0,1) of the type (2,2,2,2,1,0,0), where
@ (A V,A,®,—,0,1)is an SBL-algebra:
BL1) xoy=yox,

(
(
(BL2) 1ox=x,
BL3) xoO(x—=y)=yo(y—x),
(BL4) (xOy)—z=x—(y—2),
(BL5) 0—x=1,
(BLE) (x—y)—2)—((y —x)—2)—2)=1,
(SBL) (x@y)—0=(x—0)V(y—0),
xVyE (x—y)=y)A(ly = x) = x), (J)
x/\yngQ(x—>y). (M)
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Definition (SBL--algebra, 2nd part)
@ —is a unary operation on A satisfying:
SBL-1) ——x=x,
~X <X,
v(Xx = y) =v(my = —x),

(

( )

( )

(SBL-4) v(x)V ~v(x)=1,
( )

( )

v(x vy) <v(x)vVuly),
v(x) Ov(x = y) <w(y),
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Definition (SBL--algebra, 2nd part)

@ —is a unary operation on A satisfying:

(SBL-1) ——x = x,

( ) ~X <X,
( ) v(x=y)=v(my — X)),
(SBL-4) v(x)V ~v(x)=1,
( )
( )

v(xVy) <v(x)Vu(y),
v(x) Ov(x —y) <v(y),

def
~xE x-0,

v(X) T
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SBL _-algebras = semantics for the SBL_, logic:
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SBL _-algebras = semantics for the SBL_, logic:

Connectives: & (conj.), — (impl.), — (strong neg.)

Truth constants: 0

Further connectives:

e NYis &(p — ) ;

pVis (o= ¥) = PN Y = ») =)
p=1is (¢ — ) &Y — ¢);

~pisp —0;

Apis ~=p.
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SBL _-algebras = semantics for the SBL_, logic:

Connectives: & (conj.), — (impl.), — (strong neg.)

Truth constants: 0
Further connectives:
@ o NYisp&(p —);
° pVyis((p = ¥) =) A (Y = ¢) = ¢);
@ p=1is(p— )& — ¢);
@ ~pisp—0;
@ Apis ~—p.

Deductive rules: modus ponens, necessitation for A
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)
)
) ~p— o,
-) Al =) = Ay — ~p)
) ApV~Ap,

) AlpVy)— (ApVAY),

) Alp — ) = (Ap — AY).
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Theorem (Ciucci’s result)
LetA= (A, V,N,©,—,,0,1) be a structure such that
Q (A V,A6,—,0,1) is an SBL-algebra,
© - is a unary operation on A satisfying for each x,y € A
(SBL.1) —-——x=x,
(SBL-3) v(x —y)=v(-y — ~x),
(SBL-6) v(x)©v(x —y)<uv(y)

where

def
~Xx =x—0,

def

v(x) =~=(x) .

Then, A is an SBL_-algebra and vice versa.
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Problem: Are the axioms from the foregoing theorem
characterizing SBL_-algebras mutually independent or not?
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Problem: Are the axioms from the foregoing theorem
characterizing SBL_-algebras mutually independent or not?

Showed: The axioms characterizing SBL-algebras, i.e.
identities (BL1) — (BL6) and (SBL), are mutually independent.
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LetA= (A, V,N,©,—,—,0,1) be an SBL-algebra satisfying
moreover identities (SBL- 1) and (SBL-3). Then the following
hold in A:

(1) X =~ (~y = =(x = y)) =~ x.
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LetA= (A, V,N,©,—,—,0,1) be an SBL-algebra satisfying
moreover identities (SBL- 1) and (SBL-3). Then the following
hold in A:

(1) X =~ (~y = =(x = y)) =~ x.

Substitution in (1)

If we put x := -y, y := —xin (1), we get the identity
(2) =y =~ (v(x) = =(=y — ~x)) = v(¥),

valid in every SBL-algebra satisfying also (SBL-1) and
(SBL-3).

Filip Svréek On the axiomatic system of SBL—,-algebras



Results

LetA=(A;V,N,©,—,—,0,1) be a structure such that
Q (A V,A6,—,0,1) is an SBL-algebra,
© - is a unary operation on A satisfying for each x,y € A
(SBL.1) —-—x=x,
(SBL.3) v(x —y)=v(-y — —X),

where
def
~Xx =Xx—0,

v(X) Do,

Then, A is an SBL_-algebra and vice versa.
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Results

Sketch of proof:
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Sketch of proof:
Does (SBL-6) follow from 1 and 2?
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Sketch of proof:
Does (SBL-6) follow from 1 and 2?

@ (SBL.6) v(x)ov(x—y)<uv(y)

is equivalent to

° (v(x)ov(x = y))Vu(y)=rvy)

° (y = ((v(x) = (v(x = ¥) = 0)) = ((v(y) —
(v(x)ov(x = y))) — (v(x)or(x = y))) = 0)o(((y) —
() ©v(my — =x))) = (v(X) O v(=y — =x))) = v(¥)
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After putting

® M(x,y) ==y — ((v(x) = (v(x = y) = 0)) = ((v(y) —
() ©v(x = y))) = (v(x) © ¥v(x = ¥))) = 0)),

X

° N(x,y):= (w(y) = (v(x) @ v(=y — ~x))) —
(v(x) O v(=y — —=x))
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After putting
® M(x,y) =y — ((v(x) = (v(x = y) = 0)) = ((v(y) —
(v(x) ©v(x = y))) — (v(x) ©v(x — y))) — 0)),
° N(x,y) = (v(y) — (v(x) ©v(my — X)) —
(v(x) © v(~y — ~x))
we can write (SBL-6) as
° M(x,y) © N(x,y) = v(y).
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After putting
® M(x,y) =y — ((v(x) = (v(x = y) = 0)) = ((v(y) —
(v(x) ©v(x = y))) — (v(x) ©v(x — y))) — 0)),
° N(x,y) = (v(y) — (v(x) ©v(my — X)) —
(v(x) © v(~y — ~x))
we can write (SBL-6) as
° M(x,y) © N(x,y) = v(y).

° M(Xv.y) =1,
@ N(x,y) =~y =~ (v(X) = =(=y — —x)).

Together we get: (SBL_6) is equivalent to
] —|y —~ (U(X) — _\(_\y — —|X)) = U(y)
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The axioms characterizing SBL-.-algebras according to the
foregoing theorem are mutually independent.

Filip Svréek On the axiomatic system of SBL—,-algebras



The axioms characterizing SBL-.-algebras according to the
foregoing theorem are mutually independent.

Sketch of proof:
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The axioms characterizing SBL-.-algebras according to the
foregoing theorem are mutually independent.

Sketch of proof:

(BL1) xoy=yox,
(BL2) 1ox=x,
BL3) xo(x—y)=yo(y—x),
BL4) (xoy)—z=x—(y—2),
(BL5) 0—x=1,

)

(x=y)—=2)=(((y=x)—2)—2)=1,
(SBL) (x©y)—=0=(x—=0)Vv(y—0),

) ﬁ—\X:X,

Lﬂ3) Z/(X—>y):I/(—|y—>—|X);
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(BL1) xoy=yox
Two-element set A= {0,1}:
©|0 1 —]0 1 ALO 1 v,|o 1
0[O0 1 o1 1 o1 1 o1 1
110 1 111 1 111 1 111 1
-0 1 ~|0 1 v|0 1

\0 1 \1 1 \1 1

001=1£0=100
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Results

(BL2) 1ox=x

Two-element set A= {0,1}:
©|0 1 -0 1 A0 V|0
0|0 1 01 1 0|1 0|1
111 1 111 1 1] 1 111
-0 1 ~|0 v|0 1

0 1 1 1 1
100=1#0
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(BL3) xO(x—y)=yo(y— x)

Two-element set A= {0,1}:
©|0 1 —]0 1 ALO 1 v,|o 1
0[0 0 01 1 0/0 O o1 1
1/0 1 1)1 1 111 1 111 1
-0 1 ~|0 1 v| 0

0 1 1 1 1
10(1-0)=1£0=00(0—1)
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Results

(BL4) (xoy)—z=x—(y— 2)

Three-element chain B = {0, x,1}:

©l0 x 1 -0 x 1

0/0 0 O o1 1 1

x|0 1 x x[0 1 1

110 x 1 110 x 1

A0 x 1 vVi0o x 1

0/0 0 O 0/0 x 1

x|0 x Xx x| x x 1

110 x 1 111 1 1

-0 x 1 ~0 x 1 v|[0 x

1 x 0 1 0 O |0 0 1

(XOX) = Xx=x#1=x— (x — X)
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0—-x=1

(BL5)

{0,x,1}:
— ‘ 0 x 1

Three-element set B

©|0 x 1

0O/x x O
X | X X X

0 x

1

0 x

1

V‘OX1

1

0 x

vV Ii0 x

1

0[O0 O
x| 0 x

0 x

0 x

Al O Xx

0/0 x O

X | X X X

—

0—-x=x#1
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Results

(BLE) ((x —>y) —2) = (((y »X) »2)—2)=1

Three-element set B = {0, x, 1}:

©l0 x 1 -0 x 1

0/l0 O O o1 1 1

x|0 1 x x|0 x 1

1/0 x 1 110 x 1

A0 x 1 vIio x 1

0/l0 O O 0/l0 x 1

x|0 1 x X|x 1 x

1/0 x 1 171 x 1

-0 x 1 ~]0 x 1 v|[0 x

1 x O 1 0 O \0 0 1

((0—>O)—>X)—>(((O—>O)HX)—>X):X—>X:X§£1
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(SBL) (x©@y)—0=(x—-0)V(y—0)

Three-element chain B = {0, x,1}:

©l0 x 1 -0 x 1

0/l0 O O o1 1 1

x|0 0 x x| x 1 1

110 x 1 110 x 1

A0 x 1 vVIi0o x 1

0/l0 O O 0|0 x 1

X0 x x X|x x 1

110 x 1 11 1 1

-0 x 1 ~|0 x 1 v|[0 x 1
1 x 0 1 x 0 \0 x 1

(xOx) = 0=1%x=(x—0)V(x—0)
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Results

(SBL.1) ——x=x

Two-element chain A= {0,1}:

©|0 1 —]0 1 ALO 1 V|0
0/{0 O 01 1 0/0 O 00
110 1 110 1 110 1 1] 1
-0 1 ~|0 1 v|0 1

11 10 10 0
-—0=1#0
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Results

(SBL-3) v(x — y)=v(-y — —X)

Two-element chain A= {0,1}:
©|0 1 — |0 1 ALO 1 V|0
0/0 O o1 1 0/0 O 0|0
110 1 110 1 110 1 111
- |0 ~|0 1 v|0 1

0 1 0 1 0
v(1—-0)=v0)=1#0=v(1)=v(0—-1)=v(-0 — —1)
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