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Definition (SBL¬-algebra, 1st part)

By an SBL¬-algebra we mean an algebra
A = (A;∨,∧,�,→,¬,0,1) of the type 〈2,2,2,2,1,0,0〉, where

(A;∨,∧,�,→,0,1) is an SBL-algebra:
(BL1) x � y = y � x ,
(BL2) 1� x = x ,
(BL3) x � (x → y) = y � (y → x) ,
(BL4) (x � y)→ z = x → (y → z) ,
(BL5) 0→ x = 1 ,
(BL6) ((x → y)→ z)→ (((y → x)→ z)→ z) = 1 ,
(SBL) (x � y)→ 0 = (x → 0) ∨ (y → 0) ,

x ∨ y def
= ((x → y)→ y) ∧ ((y → x)→ x), (J)

x ∧ y def
= x � (x → y). (M)
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Definition (SBL¬-algebra, 2nd part)

¬ is a unary operation on A satisfying:

(SBL¬1) ¬¬x = x ,
(SBL¬2) ∼x ≤ ¬x ,
(SBL¬3) ν(x → y) = ν(¬y → ¬x) ,
(SBL¬4) ν(x) ∨ ∼ν(x) = 1 ,
(SBL¬5) ν(x ∨ y) ≤ ν(x) ∨ ν(y) ,
(SBL¬6) ν(x)� ν(x → y) ≤ ν(y) ,

∼x def
= x → 0 ,

ν(x)
def
=∼¬x .
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Filip Švrček On the axiomatic system of SBL¬-algebras



Motivation
Results

References

Definition (SBL¬-algebra, 2nd part)

¬ is a unary operation on A satisfying:

(SBL¬1) ¬¬x = x ,
(SBL¬2) ∼x ≤ ¬x ,
(SBL¬3) ν(x → y) = ν(¬y → ¬x) ,
(SBL¬4) ν(x) ∨ ∼ν(x) = 1 ,
(SBL¬5) ν(x ∨ y) ≤ ν(x) ∨ ν(y) ,
(SBL¬6) ν(x)� ν(x → y) ≤ ν(y) ,

∼x def
= x → 0 ,

ν(x)
def
=∼¬x .
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SBL¬-algebras = semantics for the SBL¬ logic:

Connectives: & (conj.),→ (impl.), ¬ (strong neg.)
Truth constants: 0
Further connectives:

ϕ ∧ ψ is ϕ &(ϕ→ ψ) ;
ϕ ∨ ψ is ((ϕ→ ψ)→ ψ) ∧ ((ψ → ϕ)→ ϕ) ;
ϕ ≡ ψ is (ϕ→ ψ) &(ψ → ϕ) ;
∼ϕ is ϕ→ 0 ;
∆ϕ is ∼¬ϕ .

Deductive rules: modus ponens, necessitation for ∆
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Axioms:
(B1) (ϕ→ ψ)→ ((ψ → χ)→ (ϕ→ χ)) ,
(B2) (ϕ &ψ)→ ϕ ,
(B3) (ϕ &ψ)→ (ψ &ϕ) ,
(B4) (ϕ &(ϕ→ ψ))→ (ψ &(ψ → ϕ)) ,
(B5) (ϕ→ (ψ → χ)) ≡ ((ϕ &ψ)→ χ) ,
(B6) ((ϕ→ ψ)→ χ)→ (((ψ → ϕ)→ χ)→ χ) ,
(B7) 0→ ϕ,

(STR) (ϕ &ψ → 0)→ (ϕ→ 0) ∨ (ψ → 0) ,
(1¬) ∼∼ϕ ≡ ϕ ,
(2¬) ∼ϕ→ ¬ϕ ,
(3¬) ∆(ϕ→ ψ)→ ∆(¬ψ → ¬ϕ) ,
(4¬) ∆ϕ ∨ ∼∆ϕ ,
(5¬) ∆(ϕ ∨ ψ)→ (∆ϕ ∨∆ψ) ,
(6¬) ∆(ϕ→ ψ)→ (∆ϕ→ ∆ψ).
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Theorem (Ciucci’s result)

Let A = (A;∨,∧,�,→,¬,0,1) be a structure such that
1 (A;∨,∧,�,→,0,1) is an SBL-algebra,
2 ¬ is a unary operation on A satisfying for each x , y ∈ A

(SBL¬1) ¬¬ x = x ,

(SBL¬3) ν(x → y) = ν(¬y → ¬x) ,

(SBL¬6) ν(x)� ν(x → y) ≤ ν(y)

where
∼x def

= x → 0 ,

ν(x)
def
=∼¬(x) .

Then, A is an SBL¬-algebra and vice versa.

Filip Švrček On the axiomatic system of SBL¬-algebras
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Problem: Are the axioms from the foregoing theorem
characterizing SBL¬-algebras mutually independent or not?

Showed: The axioms characterizing SBL-algebras, i.e.
identities (BL1) – (BL6) and (SBL), are mutually independent.
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Filip Švrček On the axiomatic system of SBL¬-algebras



Motivation
Results

References

Outline

1 Motivation

2 Results

3 References
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Theorem
Let A = (A;∨,∧,�,→,¬,0,1) be an SBL-algebra satisfying
moreover identities (SBL¬1) and (SBL¬3). Then the following
hold in A:
(1) x →∼ (∼ y → ¬(x → y)) =∼ x .

Substitution in (1)
If we put x := ¬y , y := ¬x in (1), we get the identity
(2) ¬y →∼ (ν(x)→ ¬(¬y → ¬x)) = ν(y),

valid in every SBL-algebra satisfying also (SBL¬1) and
(SBL¬3).
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Sketch of proof:

Does (SBL¬6) follow from 1 and 2?

(SBL¬6) ν(x)� ν(x → y) ≤ ν(y)

is equivalent to

(ν(x)� ν(x → y)) ∨ ν(y) = ν(y).

...

(¬y → ((ν(x)→ (ν(x → y)→ 0))→ (((ν(y)→
(ν(x)�ν(x → y)))→ (ν(x)�ν(x → y)))→ 0)))�((ν(y)→
(ν(x)� ν(¬y → ¬x)))→ (ν(x)� ν(¬y → ¬x))) = ν(y)
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Filip Švrček On the axiomatic system of SBL¬-algebras



Motivation
Results

References

Sketch of proof:

Does (SBL¬6) follow from 1 and 2?

(SBL¬6) ν(x)� ν(x → y) ≤ ν(y)

is equivalent to

(ν(x)� ν(x → y)) ∨ ν(y) = ν(y).

...

(¬y → ((ν(x)→ (ν(x → y)→ 0))→ (((ν(y)→
(ν(x)�ν(x → y)))→ (ν(x)�ν(x → y)))→ 0)))�((ν(y)→
(ν(x)� ν(¬y → ¬x)))→ (ν(x)� ν(¬y → ¬x))) = ν(y)
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After putting
M(x , y) := ¬y → ((ν(x)→ (ν(x → y)→ 0))→ (((ν(y)→
(ν(x)� ν(x → y)))→ (ν(x)� ν(x → y)))→ 0)),
N(x , y) := (ν(y)→ (ν(x)� ν(¬y → ¬x)))→
(ν(x)� ν(¬y → ¬x))

we can write (SBL¬6) as
M(x , y)� N(x , y) = ν(y).

...

M(x , y) = 1,
N(x , y) = ¬y →∼ (ν(x)→ ¬(¬y → ¬x)).

Together we get: (SBL¬6) is equivalent to
¬y →∼ (ν(x)→ ¬(¬y → ¬x)) = ν(y).
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Theorem
The axioms characterizing SBL¬-algebras according to the
foregoing theorem are mutually independent.

Sketch of proof:
(BL1) x � y = y � x ,
(BL2) 1� x = x ,
(BL3) x � (x → y) = y � (y → x) ,
(BL4) (x � y)→ z = x → (y → z) ,
(BL5) 0→ x = 1 ,
(BL6) ((x → y)→ z)→ (((y → x)→ z)→ z) = 1 ,
(SBL) (x � y)→ 0 = (x → 0) ∨ (y → 0) ,

(SBL¬1) ¬¬x = x ,
(SBL¬3) ν(x → y) = ν(¬y → ¬x) ;

Filip Švrček On the axiomatic system of SBL¬-algebras



Motivation
Results

References

Theorem
The axioms characterizing SBL¬-algebras according to the
foregoing theorem are mutually independent.

Sketch of proof:
(BL1) x � y = y � x ,
(BL2) 1� x = x ,
(BL3) x � (x → y) = y � (y → x) ,
(BL4) (x � y)→ z = x → (y → z) ,
(BL5) 0→ x = 1 ,
(BL6) ((x → y)→ z)→ (((y → x)→ z)→ z) = 1 ,
(SBL) (x � y)→ 0 = (x → 0) ∨ (y → 0) ,

(SBL¬1) ¬¬x = x ,
(SBL¬3) ν(x → y) = ν(¬y → ¬x) ;
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(BL1) x � y = y � x

Two-element set A = {0,1}:

� 0 1
0 0 1
1 0 1

→ 0 1
0 1 1
1 1 1

∧ 0 1
0 1 1
1 1 1

∨ 0 1
0 1 1
1 1 1

¬ 0 1
0 1

∼ 0 1
1 1

ν 0 1
1 1

0� 1 = 1 6= 0 = 1� 0
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(BL2) 1� x = x

Two-element set A = {0,1}:

� 0 1
0 0 1
1 1 1

→ 0 1
0 1 1
1 1 1

∧ 0 1
0 1 1
1 1 1

∨ 0 1
0 1 1
1 1 1

¬ 0 1
0 1

∼ 0 1
1 1

ν 0 1
1 1

1� 0 = 1 6= 0
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(BL3) x � (x → y) = y � (y → x)

Two-element set A = {0,1}:

� 0 1
0 0 0
1 0 1

→ 0 1
0 1 1
1 1 1

∧ 0 1
0 0 0
1 1 1

∨ 0 1
0 1 1
1 1 1

¬ 0 1
0 1

∼ 0 1
1 1

ν 0 1
1 1

1� (1→ 0) = 1 6= 0 = 0� (0→ 1)
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(BL4) (x � y)→ z = x → (y → z)

Three-element chain B = {0, x ,1}:

� 0 x 1
0 0 0 0
x 0 1 x
1 0 x 1

→ 0 x 1
0 1 1 1
x 0 1 1
1 0 x 1

∧ 0 x 1
0 0 0 0
x 0 x x
1 0 x 1

∨ 0 x 1
0 0 x 1
x x x 1
1 1 1 1

¬ 0 x 1
1 x 0

∼ 0 x 1
1 0 0

ν 0 x 1
0 0 1

(x � x)→ x = x 6= 1 = x → (x → x)
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(BL5) 0→ x = 1

Three-element set B = {0, x ,1}:

� 0 x 1
0 x x 0
x x x x
1 0 x 1

→ 0 x 1
0 1 0 1
x 1 1 1
1 0 x 1

∧ 0 x 1
0 0 x 0
x x x x
1 0 x 1

∨ 0 x 1
0 0 0 1
x 0 x 1
1 1 1 1

¬ 0 x 1
0 1 x

∼ 0 x 1
1 1 0

ν 0 x 1
1 0 1

0→ x = x 6= 1
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(BL6) ((x → y)→ z)→ (((y → x)→ z)→ z) = 1

Three-element set B = {0, x ,1}:

� 0 x 1
0 0 0 0
x 0 1 x
1 0 x 1

→ 0 x 1
0 1 1 1
x 0 x 1
1 0 x 1

∧ 0 x 1
0 0 0 0
x 0 1 x
1 0 x 1

∨ 0 x 1
0 0 x 1
x x 1 x
1 1 x 1

¬ 0 x 1
1 x 0

∼ 0 x 1
1 0 0

ν 0 x 1
0 0 1

((0→ 0)→ x)→ (((0→ 0)→ x)→ x) = x → x = x 6= 1
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(SBL) (x � y)→ 0 = (x → 0) ∨ (y → 0)

Three-element chain B = {0, x ,1}:

� 0 x 1
0 0 0 0
x 0 0 x
1 0 x 1

→ 0 x 1
0 1 1 1
x x 1 1
1 0 x 1

∧ 0 x 1
0 0 0 0
x 0 x x
1 0 x 1

∨ 0 x 1
0 0 x 1
x x x 1
1 1 1 1

¬ 0 x 1
1 x 0

∼ 0 x 1
1 x 0

ν 0 x 1
0 x 1

(x � x)→ 0 = 1 6= x = (x → 0) ∨ (x → 0)
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(SBL¬1) ¬¬x = x

Two-element chain A = {0,1}:

� 0 1
0 0 0
1 0 1

→ 0 1
0 1 1
1 0 1

∧ 0 1
0 0 0
1 0 1

∨ 0 1
0 0 1
1 1 1

¬ 0 1
1 1

∼ 0 1
1 0

ν 0 1
0 0

¬¬ 0 = 1 6= 0

Filip Švrček On the axiomatic system of SBL¬-algebras



Motivation
Results

References

(SBL¬3) ν(x → y) = ν(¬y → ¬x)

Two-element chain A = {0,1}:

� 0 1
0 0 0
1 0 1

→ 0 1
0 1 1
1 0 1

∧ 0 1
0 0 0
1 0 1

∨ 0 1
0 0 1
1 1 1

¬ 0 1
0 1

∼ 0 1
1 0

ν 0 1
1 0

ν(1→ 0) = ν(0) = 1 6= 0 = ν(1) = ν(0→ 1) = ν(¬0→ ¬1)
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