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Graphs

Graph G = (V,E),V ={1,2,...,n}

Cut - for a partition (A,B) of V' define
Cut(A,B) ={{i,j},i € A,ie Borie B,j € A}



Cut 1deal

Homomorphism of polynomial rings 7 : K|g| — K|s, ]

qA|B — H Sij H Lij

{i,j}eCut(A,B) {i,j}¢Cut(A,B)

Cutideal of G I = Kerng.
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G =

Ky

1234 — t12t13t14123t24134

d12
q13
d14

34 — 112513514523524134
94 — S12113514523124534
93 — S$12513114123524534

q1
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4

234 — 812513514t23124134
134 — S12t13114523524134
124 — 112513114523124534
123 — 112113514123524534



Examples

G =Ky

1234 — t12t13t14123t24134

d12
q13
d14

34 — 112513514523524134
94 — S12113514523124534

93 — S$12513114123524534

q1
42
43
4

234 — 812513514t23124134
134 — S12t13114523524134
124 — 112513114523124534
123 — 112113514123524534

— 123)
Ik, = <Q|12346112134Q13|24C]14123 41]23492(13443|12494|



Examples

G = Cy, E = {12,23, 34,14}

e, derived from 7x, by setting s13 =t13 = s94 = tog = 1

Io, = 411234913124 — G1]23493]1245

q
d|1234913|24 — 42|13444|123>
q

1234413|24 — 412|34914/23 )



Binary graph models

Homomorphism of polynomial rings
b : Klpi,,...ilij € {0,1}] = Klg/)|(k0) € B, i € {0,1}]

. . _)
Zl ..... /Ln | | qzkw

(k) eE

Ideal of a binary graph model J; = Ker(¢q).



Examples

G

K3

13 .23
Pooo — C]()() 400 900

13 .23
Po11 — (101 do1 411

13 23
pP101 — q10 d11 401

13 23
P11o — 6111 d10 4910

13 .23
Poo1r — Cloo do1 4901

13 23
Po1o — C]m oo 910

13 23
P100 — Ch() d10 400

13 23
p111 — Cl11 d11 411



Examples

G

K3

13 23
Pooo — C]()() doo 900

13 .23
Po11 — (]()1 do1 911

13 .23
p1o1 — (]1() 411 4901

13 23
P11o0 — C]11 d10 4910

JK

13 .23
Poo1r — Qoo do1 4901

13 23
Po1o — C]()1 doo 910

13 .23
pP1oo — C]1o d10 400

13 23
pii1 — q11 d11 411

. = (P000P011P101P110 — P001P010P100P111)



M arkov basis

Let o;; - Z*" — 72 be given by e,, . a. — €a,q, and let ¢g
be the product of ¢;,’s over all {ij} € E.

Markov basis B C Ker(yq):

Vor,v00 € N2 g (v1) = tg(va) : ua,...,ug € £B

14 A
v1+2uk:v2andv1+2ukeNQ”forlgé’gﬁ
k=1 k=1



M arkov basis

Theorem [Diaconis and Sturmfels]

A finite subset B = {u1,...,u;} € £Ker(yqg) Is a Markov
basis iff the set of binomials {p% — p% } is a generating
set of Jg.



M ar kov width L

u(x) = largest degree of a minimal genarator of the ideal
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M ar kov width

u(x) = largest degree of a minimal genarator of the ideal

Ic, =< q112344913|24 — 41|234493]1245 - - - = nlle,) =2

Ig, = < 411234912|34413|24914|23 — 91|23492|13493|12494]123 ~
Jr; = < PoooPo11P101P110 — P001P010P100P111 >

M(IKAL) — /L(JK:s) =4



Combinatorial interpretation L

QA]B CUt(Aa B)
4A,|B19As|Bs - - - collection of cuts

a b
H(M)GE Sk elilk ell

Piq,....in c:V — {O, 1}
Diy....inDijr.....in - - - COllection of 2-colorings

H(M)GE (q(()lge))a (q(()]ig))b (q%@)c (qﬁe))d



Universal vertex

2-coloring — cut — two possible 2-colorings



Universal vertex
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G obtained from G:
e add a new vertex
e join all the remaining vertices with it by edges
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Universal vertex

2-coloring — cut — two possible 2-colorings

G obtained from G:
e add a new vertex
e join all the remaining vertices with it by edges

cut of G « 2-coloring of G

u(Ja) = p(lg)



Bounds

Gis Ks—free & u(Jg) <2
GIs Ky —free & u(lg) <2 ENngrsrom
< u(Jg) <4 OUR RESULT
GIs K5 —free < u(lg) <4 conjectured by S&S



Other conjectures

6
constant

G planar graph = u(Jg)

<
n(Jg) <
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