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Definition

Let 7 be a fixed type 7: | — N, where | is an index set and N is
the set of all natural numbers. Then F denotes the set of all
fundamental operations F = {f; : i € I} of type 7, i.e. 7(i) is the
arity of the operation symbol f;, for i € |. Let o = (t; : i € I) be a
fixed choice of terms of type 7 with 7(t;) = 7(f;), for every i € I.
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Definition
Recall that for a given o, the extension of ¢ to the map @ from the
set T(7) to T(7), leaving all the variables unchanged and acting

on composed terms as:

a(fi(pos .-, Pn—1)) = o(f)(@(po), ---, 5(Pn-1))

is called a hypersubstitution of type 7.
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In the sequel, we shall use o instead of @ for a hypersubstitution.
A hypersubstitution o will be called trivial, if it is the identity

mapping.
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The set of all hypersubstitutions of type 7 will be denoted by H(7).
Note, that H(7) is a monoid, as a composition o of two
hypersubstitutions of a given type is a hypersubstitution.

Therefore:
H(7) = (H(7),°)

denotes the monoid of all hypersubstitutions of type 7, with
composition o and the identity hypersubstitution as the unit.
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Let a monoid M = (M, o) of hypersubstitutions of a given type T
be given.
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Derived varieties were invented by P. Cohn [1].

Derived varieties of a given type were invented by EG and DS in
[4]. In [5] we introduced the notion of a M-hyper(quasi)-identity
and M-hyper(quasi)variety
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For any algebra A = (A, Q) = (A, (fA:i€l)) €V, of type 7, the
algebra A, = (A, (tP: i € 1)) or shortly A, = (A,Q,), for

Q, = (ti: i € 1) is called a derived algebra (of a given type 7) of
A, corresponding to o, for any o € H(T).

If 0 € M, then a derived algebra A is called an M-derived.
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Definition
Dp(K) denotes the class of all M-derived algebras of K for all
possible choices of 0 € M of type 7, i.e.:

Duy(K)=U{As : A€ K,0 € M}.

Dy = D, for M = H(7) is a class operator examined by EG and
DS in [4].
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Definition

For a given set ¥ of identities of type 7, E(X) denotes the set of
all consequences of ¥ by the rules (1)-(5) of inferences of G.
Birkhoff.

Mod(X) denotes the variety of algebras determined by .

A variety V is trivial if all algebras in V are trivial (i.e.
one-element). Trivial varieties will be denoted by T. A subclass W
of a variety V which is also a variety is called subvariety of V. V
is minimal (or equationally complete) variety if V is not trivial
but the only subvariety of V, which is not equal to V is trivial.
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Definition
A (quasi)variety V of type 7 is M-solid if V contains all M-derived
algebras of V, i.e. Dy(V) C V.
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We recall only the definitions of the fact that a hyperidentity is
satisfied in an algebra as an M-hyperidentity of a given type and
the notion of M-hypervariety:

Definition

An algebra A satisfies a hyperidentity p = g as M-hyperidentity
if for every M-hypersubstitution o € M of the hypervariables by
terms (of the same arity) of A leaving the variables unchanged, the
identities which arise hold in A.

In this case, we write

A Y (p=q).
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A variety V satisfies a hyperidentity p = g as M-hyperidentity if
every algebra in the variety does.
In that case, we write:

VY (p=a).

Definition
A class V of a algebras of a given type is called an M-hypervariety
if and only if V is defined by a set M-hyperidentities.
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We got the following:

Theorem

A variety V of type T is defined by a set ¥ of M-hyperidentities if
and only if V.= HSPDy(V), i.e. V is a variety closed under
M-derived algebras of type T. Moreover, in this case, the set ¥ is
then M-hypersatisfied in V and V is the class of all
M-hypermodels of ¥, i.e. V = MHMod(X).
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Recall the classical definition of Mal'cev:

Definition
A quasi-identity e is an implication of the form:

(to ~ 50) VANRTRIVAN (tn,1 ~ Snfl) — (tn ~ Sn),

where t; = s; are k-ary identities of a given type, for i =0, ..., n.
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A quasi-identity is satisfied in an algebra A of a given type if and
only if the following implication is satisfied in A: given a sequence
ai, ..., ax of elements of A. If this elements satisfy the equations
ti(ai, ..., ak) = si(a1,...,ak) in A, for i =0,1,...,n— 1, then the
equality tn(a1, ..., ax) = sn(a1, ..., ax) is satisfied in A.

In that case we write:

A ‘: (to ~ 50) VANRRVAN (tn,1 ~ 5,7,1) — (tn ~ S,,).
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Definition
A quasi-identity e is satisfied in a class V of algebras of a given
type, if and only if it is satisfied in all algebras A belonging to V.

In that case we write:

ViE(to=so) Ao A(th—1 = sp—1) — (tn = sp).
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Definition
A hyperquasi-identity e is formally the same as a quasi-identity.
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A hyperquasi-identity e is M-hyper-satisfied (holds) in an algebra
A if and only if the following implication is satisfied:

If o is a hypersubstitution of M and the elements a;,...,ax € A
satisfy the equalities o(t;)(a1, ..., ax) = o(si)(a1, ..., ax) in A, for
i=0,1,...,n—1, then the equality

o(tn)(a1, ..., ax) = o(sn)(a1, ..., ax) holds in A.
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We say then, that e is an M-hyperquasi-identity of A and write:

A ‘:AH/I (to ~ 50) VANAN (tn—l ~ 5,,_1) — (tn ~ Sn)-
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Definition
A hyperquasi-identity e is M-hyper-satisfied (holds) in a class V
if and only if it is M-hypersatisfied in any algebra of V.
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By other words, M-hyperquasi-identity is a universally closed Horn
VxVo-formulas, where x vary over all sequences of individual
variables (occurring in terms of the implication) and o vary over all

hypersubstitutions of M.
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Remark

All hyperquasi-identities and hyperidentities are written without
quantifiers but they are considered as universally closed Horn
V-formulas. In case of a trivial monoid M, the notion of
M-hypersatisfaction reduces to the notion of classical satisfaction.
If M is the monoid of all hypersubstiutions of a given type 7, then
the notion of M-hyperidentity and M-hyperquasi-identity reduces
to the hyperidentity and hyperquasi-identity.
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A lattice L = (L, A, V) is distributive if the following two
distributive laws hold in L, called A-distributivity and
V-distributivity, respectively:

)

(x Ay)V(xAz),
(xVy)A

(Dp) x A (yVz)= X
~ (xVz).

(Dy) xV (y A z)
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Definition

For a lattice L = (L, A, V) the lattice LY = (L, V, A) is called the
dual lattice.

For a variety V of lattices, the variety V9 consisting of all dual
lattices of lattices of V, is called the dual variety of V.

If V= V9 then V is called selfdual.
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All axioms of (distributive) lattices are mutually dual. Therefore if
a lattice is distributive, then its dual is distributive. This fact is
well known as duality principle in the variety of (distributive)
lattices. It is well known that these distributive laws may be
expressed as two pairs of equivalent switching circuits:
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And dually:
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The notion of a hyperidentity may be regarded as a kind of a
generalization of the principle of duality in (distributive or
modular) lattices. This fact was first noticed by D. Schweigert in
Lemma 10 of [7]. Here we use the notation of a hyperidentity [4]:
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Theorem

Let L = (L,V,A) be a lattice. Then L is a distributive lattice if
and only if the distributivity law x V (y A z) = (x Vy) A (x V z)
and the dual are satisfied in L as hyperidentities of type (2,2), i.e.
if the following hyperidentity:

F(x, G(y,2)) = G(F(x,y), F(x,2))

is satisfied as a hyperidentity in L.
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To prove the necessity, let us consider all possible nonequivalent
hypersubstitutions (i.e. all possible hypersubstitutions of binary
lattice terms) using a technique described by J. Ptonka:

Case 1. F(x,y) == x.

Obviously x ~ G(x, x) is satisfied in L.

Case 2. F(x,y) :=y. Then the following identity is satisfied in L:
G(y,z) =~ G(y, z).
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Case 3. F(x,y) :=xAy. Consider G(y,z) :==y,z,y ANz,y V z.
Then the following identities hold in L:

XANym=xANy, xNzxexANz, x\N(yNz)=(xAy)A(xAz),
xNA(yVz)=(xAy)V(xAz). The last one follows from the
distributivity of L.

Case 4. F(x,y) :=xVy. Consider G(y,z) :==y,z,y ANz,y V z.
Then the following identities hold in L:

(xVy) ~ (xVy), (xV2) = (xV 2),
xV(yANz)=(xVy)AN(xVz),xV(yVz)~(xVy)V(xVz).
The last but one one follows from the distributivity of L.

For sufficiency, note that satisfaction of the hyperidentity above in
a lattice L implies the distributivity of L. O
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Remark
Therefore distributive lattices may be described as lattices which

satisfy the distributive law as a hyperidentity of type (2,2).

The fact above may be visualized by the following pair of
equivalent circuits, where two kinds of binary boxes express a
possibility of a substitution of any binary lattice terms F and G
instead of them:
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Or in an equivalent way:
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Definition
A lattice L = (L, A, V) is modular if the following modular law
(M) holds in L:

(My) (x Ay)V(xAz)m=xA(yV(xAz)).
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If a lattice is modular, then its dual lattice is modular as well,
therefore the following dual law is valid in modular lattices:

(MA) (xVy)A(xVZ)m=xV(yA(xVz)).
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It is well known, that modularity of a lattice L = (L, A, V) may be
expressed by the following implication:

x>z—=(xAy)VzexA(yVz),
or equivalently, by the following quasi-identity of type (2,2):

xVzrex— (xANy)VzexA(yV z).
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The modularity law (My) in a lattice L may be expressed as a pair
of equivalent switching circuits (or the pair of theirs duals):
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Similarly as in the case of distributivity one may show that the
modularity law is satisfied in the variety of lattices as a
hyperidentity. In fact, the following is true:
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Theorem

A lattice L = (L, A\, V) is modular if and only if the following
hyperidentity of type (2,2) of modularity is satisfied in L:

G(F(x,y), F(x,2)) = F(x, G(y, F(x, 2))).

Proof.

For a proof, consider all non-equivalent hypersubstitutions of
binary hyperterms: F(x,y) and G(x,y) by x, y, x Ay and x V y,
respectively.
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The fact above may be visualized by a pair of equivalent switching
circuits (in a modular lattice L):
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Or in an equivalent form:
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Recall the definition of a hyperquasi-identity of a given type 7 from

[2]. [5]:

Definition
A quasi-identity e: p~ g — r = s of type T is satisfied in an
algebra A of type 7 as a hyperquasi-identity if and only if for every
o € H(7), the derived quasi-identity o(e):

o(p) = o(q) = o(r) — o(s)

is satisfied in A.
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Modularity may be expressed by the following hiperquasi-identity:
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Theorem
A lattice L = (L, A\, V) is modular if and only if the following
hyperquasi-identity of type (2,2) of modularity is satisfied in L:

G(x,z) = x — G(F(x,y),z) = F(x,G(y, 2)).
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A lattice is joinsemidistributive if it satisfies the following
condition:

(SDy) xVy=xVz—xVy=xV(yAz)
The meetsemidistributivity is defined by duality:
(SDA) x Ny m=xNz—xANy=xA(yVz)

A lattice is semidistributive if it is simultaneously join and meet
semidistributive.
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The following may be regarded as a characterization* of
semidistributivity by a hyperquasi-identity:

Proposition
Let L = (L, A, V) be a lattice. Then L is semidistributive if and
only if the following hyper quasi-identity is hypersatisfied in L:

(F(x,y) = F(x,2)) = (F(x,y) = F(x, G(y,2)))
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In [4] we used the name M-hyperquasivariety for M-solid
quasivarieties. In fact the following holds:

Theorem

A class K of algebras of a given type is an M-hyper(quasi)variety if
and only if it is an M-solid (quasi)variety.

We got the following reformulation of Mal'cev classical result:

Theorem

A class K of algebras of a given type is M-hyperquasivariety
(M-solid quasivariety) if and only if K:

i) is ultraclosed;

ii) is heraditery;

iii) is multiplicatively closed;
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M-hyper(quasi)-equational logic

In this section we present a solution of the following particular case
of the Problem 32 of K. Denecke and S.L. Wismath [2]:
(P.32) Give the derivation rules for M-hyperquasi-equational logic.
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M-hyper(quasi)-equational logic

First, we shall consider the case where the monoid M is trivial, i.e.
M = H(7). In the sequel, E denotes the equational logic, i.e. the
fragment of the first-order logic without relation symbols. The
formulas of E are all possible identities of a given type 7, the set of
axioms Eq of E are identities of the form p =~ p, and the rules of
inferences are the equality rules (atomic formulas are regarded as
identities) and the substitution rule, i.e. G. Birkhoff's rules (1)—(5)
of derivation.

E denotes the set of equality axioms of a given type 7.
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M-hyper(quasi)-equational logic

For a set ¥ of (hyper)quasi-identities of a given type T,
HQMod(X) denotes the class of all algebras A which hypersatisfy
all elements of .
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M-hyper(quasi)-equational logic

HE denotes the hyperequational logic, i.e. the fragment of the

second-order logic, extending the equational logic. The formulas
and axioms are the same as in E. To the inference rules we add
the rule (6) of hypersubstitution defined in by the authors of [4].
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M-hyper(quasi)-equational logic

A quasi-identity e is called a consequence of the set ¥ of
quasi-identities if for every algebra A of type T,

A = ¥ implies that A = e.
In symbols:
Y Ee

We say that an identity e is a hyperconsequence of a set of
quasi-identities ¥, if for every algebra A € HMod(X), it follows
that A Ey e, e

A =4 X implies A =4 e.
In symbols:

> ‘:H e.
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M-hyper(quasi)-equational logic

We use the following notation:
A—a foraset A={pi=q :0<i<n—1}and a=p,=q,
instead of the quasi-identity:

Po~qo /N ... \Pn—1 = QGn—1 — Pn = qn-

We adopt the convention, that an identity p &= g may be regarded
as a quasi-identity e of the form () — p ~ g, where () denotes the
empty set.
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M-hyper(quasi)-equational logic

G. Birkhoff's well known theorem is called the completeness
theorem:

Theorem
An identity e is a consequence of a set ¥ of identities if and only if
e is derived from ¥ in E.
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M-hyper(quasi)-equational logic

The question naturally arises of when an identity is a consequence
of a set of quasi-identities ¥. Following V.A.G. [2] it is necessary,
together with a substitution rule to consider the modus ponens
rule:

a,{a}UA—S

(MP) “AG=5—.
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M-hyper(quasi)-equational logic

Recall, that in the quasi-equational logic Q (of a given type 7),
without relation symbols, the formulas are all possible
quasi-identities of a given type 7, the axioms are the equality
axioms (E.1) — (E.4) and the inference rules are the substitution
rule, the cut rule and the extension rule. We list all of them.
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M-hyper(quasi)-equational logic

Axioms:
(E.1) the reflexivity:

0—p=np,
(E.2) the symmetry:
prq—qrp,
(E.3) the transitivity:
(pra)N(g=r)—(p=r),
or in an equivalent notation:

{p~qq=r}—p~r,
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M-hyper(quasi)-equational logic

(E.4) the compatibility:

(to = sp) Ao A (tT(f)_]_ ~ 57_({)_1) — (f(to, ..., tT(f)_l) ~
f(SO‘/"'?ST(f)*l))'

for every operation symbol f of type T,
or in an equivalent notation:

{to ~ S0, ..., tr(r)—1 = Sr(p)—1} — (F(to, s tr(r)-1) &
f(SO:""/ST(f)—l))'

for every operation symbol f of type 7.

Ewa Graczyniska, Opole University of Technology, Poland



M-hyper(quasi)-equational logic

The inference rules are the following rules:
(8.1) the substitution rule (where J is a substitution of variables):

{707"°7’7ﬂ*1}_)ﬁ
{6(10),--:0(yn—-1)}—4(8)

(8.2) the cut rule:

A—a {a}ulr—p
AUr—p

(8.3) the extension rule:

A—a

{BIUA—”
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M-hyper(quasi)-equational logic

We write ¥ - e if there exists a derivation of a quasi-identity e
from a set X of quasi-identities in Q.
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M-hyper(quasi)-equational logic

The classical result by many authors is the following:

Theorem

A quasi-identity e is a consequence of a set ¥ of quasi-identities if
and only if e is derivable from ¥ in Q.

In symbols:

Y =qeifandonly if ¥ g e.

Ewa Graczyniska, Opole University of Technology, Poland



M-hyper(quasi)-equational logic

We modify quasi equational logic Q to hyperquasi-equational logic
HQ by adding a new rule:

(8.4) a hypersubstitution rule (where o is a hypersubstitution of

H(7)):

(toms0)A...A(th—1/5,_1)—(t,xs,)
o(to)=o(sp)A...Ao(th—1)~0c(sp—1)—0c(t,)=c(s,)’
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M-hyper(quasi)-equational logic

or in an equivalent notation:
(8.4) a hypersubstitution rule (where o is a hypersubstitution of

H(7)):

{70,701} =0
{o(10)s--s0(Yn-1)}—0(B) "
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M-hyper(quasi)-equational logic

Definition
By HQ we denote the hyperquasi-equational logic, which is an
extension of the hyperequational logic HE based on the equality

axioms E and four rules (8.1) — (8.4) above.
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M-hyper(quasi)-equational logic

We write X @ e if there exists a derivation of e from ¥ in HQ.
We write ¥ =g e if e is a hyperconsequence of ¥, considered as
a hyperbase, i.e. if A € HQMod(X), then A =pq e.

Definition

A set ¥ of quasi-identities of type 7 is called hyperclosed if and

only if it is closed under the equality axioms, the substitution
rule, hypersubstitution rule, the cut rule, the extension rule.
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M-hyper(quasi)-equational logic

We reformulate the classical results in the following way:

Theorem

A set ¥ is a set of all (hyper)quasi-identities of type T,

(hyper)satisfied in a class KC of algebras of type T if and only if it is
(hyper)closed.
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M-hyper(quasi)-equational logic

If > is a set of all hyperquasi-identities hypersatisfied in a class
of algebras of type 7, then it is closed in Q, i.e. is closed under the
equality axioms and the substitution rule, the cut and the
extension rule. In consequence it is also closed under the rules of
equational logic. If e is a quasi-identity of X, then for every

o € H(r), the hypersubstitution o(e) of e by o is satisfied in K.
Therefore ¥ is closed under the hypersubstitution rule (8.4). In
case if e is an identity of type 7, we conclude that o(e) is satisfied
in IC for every o € H(7). Therefore ¥ is closed under the rule (6)
of hypersubstitution, i.e. is hyperclosed.
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M-hyper(quasi)-equational logic

Assume now, that ¥ is hyperclosed. Therefore it is closed. We
conclude that X is a set of quasi-identities satisfied in a class K of
algebras of type 7. As ¥ is hyperclosed, therefore for every
quasi-identity e of X and every o € H(7), the derived
quasi-identity o(e) is also satisfied by /C, which means that K is a
class of algebras of type 7, which hypersatisfies . O
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M-hyper(quasi)-equational logic

The clue of the next proofs is the following:

Proposition

A derivation from ¥ in HQ means a derivation from (8.4)(X) in
Q, i.e. one first need to close the set ¥ under the
hypersubstitution rule (8.4) and then under the equality axioms
and other rules. The resulting set will be already closed under all
axioms and inference rules of HQ.

More precisely:

Proposition

The hypersubstitution rule (8.4) commutes with all the axioms and
rules of the logic HQ.
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M-hyper(quasi)-equational logic

First, we note that the assertion easily holds the equality axioms
(E1)=(E3). Moreover, by an easy induction on the complexity of
terms, the following generalization of the rule (E.4) is valid in the

logic Q:

(GE.4) {to ~ 50, -+ tr(f)—1 ~ Sr(r)—1} — (P(t0; s tr()—1)
p(507 "'757'(f)—1))'

for every term p of type 7.
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M-hyper(quasi)-equational logic

We prove that if the axiom (E.4) is applied first:

{to = S0, -+, tr(r)—1 = Sr(r)—1} — (F(to, s tr(r)-1) =
f(sov"'vsT(f)—l))'

and then the hypersubstitution rule (8.4) is applied by a
hypersubstitution o:
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{o(to) = o(s0), -+, o (tr(r)—1) = o(Sr(r)-1)} —
(O'(f(to, ey t,r(f)_l)) ~ O‘(f(So), v (ST(f)_l))),

then one may apply rule (GE.4) with p = o(f(xo, ..., Xn)), to
obtain the resulting quasi-identity:

{O’(to) ~ 0(50)7 e J(t7'(f)—1) ~ U(S‘r(f)—l)} -

(o(F)(o(to), ..., o(tr(r)-1)) = o(F)(o(s0), - o (Sr(£)-1)))-
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M-hyper(quasi)-equational logic

Now we prove the assertion for the modus ponens rule (MP):

a,{a}UA—S

(MP) 173

i.e. we will show, that if the (MP) rule is applied first and then the
hypersubstitution rule (8.4) is applied to deduce a quasi-identity

e = o(A) — o(f), then one may apply the hypersubstitution rule
(8.4) first to @ and U A — (3 and then (MP), which leads to the
quasi-identity e as well.
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M-hyper(quasi)-equational logic

Assume naw that the substitution rule (8.1) is applied (where ¢ is
a substitution of variables):

{Y0,--sYn-1}—0
(8-1) T5070),-.000m-1)T—3(0)

and then the hypersubstitution rule (8.4) is applied to get the
quasi-identity:

(*) {e(6(10)), -+, 0(6(vn-1))} — o(3(8))

for some hypersubstitution o € H(7) and a substitution ¢ of
variables.
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M-hyper(quasi)-equational logic

Assume that the substitution § acts on variables x, ..., X, of terms
Y0, -+» Vn—1, 3 putting: §(xx) = pk, then putting d1(xx) = o(px) on
variables of terms o(py) of type 7, we get that:

0(51(’)/,')) = (51(0’(’)’,‘)), for i = O, ey N — 1 and

o(61(8)) = 01((8)).

We conclude that the quasi-identity (*) equals to the
quasi-identity:

(*) {61(e(70)); -+ 01(0(va-1))} — d1(e ().

which means that one may apply the hypersubstitution rule (8.4)
first and then the substitution rule (8.1) to get the same result.
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M-hyper(quasi)-equational logic

The proof for the cut rule is similar. Assume that the cut rule (8.2)
is applied:

A—a, ur—
(62) R

and then the hypersubstitution rule (8.4) by a hypersubstitution o
gives rise to the quasi-identity:

(**) o(A)Ua(l) — o(B).

Then one may apply the hypersubstitution rule (8.4) by o to the
quasi-identities:

A — aand {a} Ul =

to get the resulting quasi-identity (**) via the cut rule (8.2).
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M-hyper(quasi)-equational logic

We finalize with the proof of the statement for the extension rule,
applying first:

(83) [H0ASa

and assuming that the hypersubstitution rule (8.3) by o was
applied then, leading to the quasi-identity:

(***) {e(B)} U a(A) = o(a).

Then one may apply the hypersubstitution rule (8.4) o first to the
quasi-identity: A — «, to get the resulting quasi-identity (***) as
a result of the extension rule (8.3). O
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M-hyper(quasi)-equational logic

The observation above is a generalization of that which has been
already noticed in 1989, for the fact that derivation rules (1)-(5) of
G. Birkhoff and the new rule (6) of hypersubstitution behave
similarly, i.e. closing a set X of identities under (1)-(6) means, to
close ¥ under (6) first and then under rules (1)-(5) and we are
done.

Therefore, we can say that the hyperquasi-equational logic is the
one-step extension of the quasi-equational logic by the
hypersubstitution rule (8.4).
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M-hyper(quasi)-equational logic

We obtain a slight generalization of Corollary 2.2.3 of V.A.G. [3]:
Proposition

An identity e is a (hyper)consequence of a set ¥ of quasi-identities
if and only if there is a derivation of e (of o(e), for every

o € H(t)) from E UX by the substitution rule and modus ponens
rule (and the hypersubstitution rule (8.4)).
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M-hyper(quasi)-equational logic

The following is the modification of the classical completeness
theorem of the logic Q:

Theorem

A (hyper)quasi-identity e is a (hyper)consequence of a set - of
(hyper)quasi-identities if and only if it is derivable from ¥ in (H)Q.

In symbols: * =(1y)q e if and only if ¥ F-1y)q €.
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