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MV-algebra

MV-algebras were introduced by Chang in 1958;
algebraic basis for many-valued logic. Equivalent
definition by Mangani 1973:

An MV-algebra(M; &, *,0) isa(2, 1,0) type of algebra:
(MV1) the binary operatioms Is commutative and
associative with the nullary operatioras neutral
element;

(MV2) a &1 =1 wherel = 0%

(MV3) 1* = 0;

(MV4) (a*db)* b= (b"Da) ®a.
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(MV4) is calledtukasiewicz axiomlt guarantees that
MV-algebra is a distributive lattice according to the

ordering given by
a<biff aoPpb=1.

Boolean algebras coincide with MV-algebras satisfying

the additional conditior ® » = z.
Mundici 1986: MV-algebras are in categorical

equivalence with0, | in Abelian lattice-ordered groups
with strong unitu. A prototypical model of MV-algebra

is the real unit intervalo, 1].
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MV-effect algebras

Chovanec and Kopka: MV-algebras are a subclass of ¢
more general algebraic structures cakdigct algebras
An effect algebrgFoulis and Bennett 1994; Kopka and
Chovanec 1994):a partial algebraic structe+, 0, 1)
with a partial binary operatiosn satisfying
(Da+b=b+a; (a+b)+c=a-+ (b+c) (inthe sense
that if one side exists so does the other and equality
holds);

(2) to everya € E, there is a unigue elemeatsuch that
a+a =1,

(3)a + 1isdefined=— a = 0.

Definea L biff a + b Is defined.

Partial ordera < b if there isc € E with a 4+ ¢ = b. Put
c=>b—a.
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We may define a partial operatianon MV-algebra by
restriction ofc to the pairs of elements for whieh< b*.
Then the structuréM, 4,0, 1) is a lattice ordered effect
algebra that satisfies RDP:

a<b+c — d1<bcg<c:a=0b +c.

Definition 1. An MV-effect algebra is a lattice ordered
effect algebra satisfying the Riesz decomposition
property.

An MV-effect algebra can be made an MV-algebra by
puttinga & b =a + a’ Abanda* = d'.

There Is a one-to-one correspondence between MV-efi
algebras and MV-algebras.
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Morphisms

Let £ and [’ be effect algebras. A mapping: £ — F
Is amorphism(of effect algebras) If:

() ¢(1) = 1;

(i) If a + bis defined the(a) + ¢(b) is defined and
¢(a+0) = ¢(a) + ¢(b).

A morphismg¢ is full if wheneverg(a) + ¢(b) € ¢(F),
there arei; andb; in E such that(a) = ¢(aq),

¢(b) = ¢(b1) anda1 1 by.

A bijective and full morphism is an isomorphism.

MV-pairs and states

—p. ¢



Congruences

A relation~ on an effect algebra is calledccangruence
If:

(C1) ~ Is an equivalence relation;

(C2)a ~ ay, b~ byanda L b,a; L by Imply

a-+b~ ai+ by

(C3)a ~ b, c L bimplies that there i, d ~ c and

d L a.
We write[a]| = {b € E : a ~ b} for the equivalence class

of ¢ € F/, and the set of all equivalence clasges~ is
organized into an effect algebra by definiag L [b] if
there arei; € |al, b; € [b] with a; L b7, and then putting
@] + [b] = la1 + b ).

MV-pairs and states — p. -



|deals

A subset/ of an effect algebrd& ' is anideal if
a,beF,alb — a+beliffacl,bel.

Definea ~;bif di,5€l:a—1=5b— 7.

If £ satisfies RDP, then for every idegl~; is a
congruence.

M- MV-effect algebra.

(1) Every effect algebra idedlis MV-ideal, andM / ~;

Is an MV-effect algebra.

(2) If ~ Is an effect algebra congruence not generated
an ideal, then\// ~ need not be MV-effect algebra.

(3) Every effect algebra congruence preserves RDP.
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R-generated Boolean algebras

R-generatedoolean algebrd (M ): MV-algebraM as

a distributive lattice generatés$( M ) as a Boolean
algebra and is its 0,1-sublatticB( M) is unique, up to
Isomorphism.

M-chain representatiolz € B(M), :

r=ux1+...+ x, Wherez; € M for every

ie{l,...n}, 1 <... <z, and+ denotes the
symmetric difference in the Boolean algebra.

We may choose it such that every element will have an
M -chain of even length.
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Theorem 2. (Jerta,2004)Let M be an MV-effect
algebra. The mapping,, : B(M) — M given by

n

Vu(z) = 69(332@ O T9i-1),

1=1

where{z;}?", is an M-chain representation of, is a
surjective and full morphism of effect algebras.

Example 3.If M is linearly ordered MV-algebra, then
B(M) is isomorphic to the Boolean algebra of the

subsets of\f of the form[ay, b1)U. .. Ula,,b,). Then
wM([al, bl)U .. U[an, bn)) — (b1 ~, CL1) BH---P (bn >, an).
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MV-palir

A BG-pairis a pair(B, G), whereB is a Boolean algebra
andG Is a subgroup of the group of automorphisms of
B. Definea ~¢ b iff there existsf € G : a = f(b).
Definition 4. (Jerta,2007)A BG-pair (B, ) is called

an MV-pairr iff the following conditions are satisfied:
(MVP1) Forall a,b € B, f € G such thata < b and

f(a) < b, there ish € GG such thath(a) = f(a) and

h(b) = b.

(MVP2) For all a,b € B andx € L(a,b), there exists

m € max(L(a,b)) withm > .

L(a,b) :={a A f(b); f € G}; max(L(a,b)) the set of
maximal elements il (a, b).
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MV-pairs—MV-algebras

Theorem 5. (Jerta, 2007)Let (B, G) be an MV-pair.
Then~ Is an effect algebra congruence éhand
B/~ is an MV-effect algebra.

Theorem 6. (Jerta, 2007)Let M be an MV-effect
algebra. LetG(M) be the set of all)y,-preserving
automorphisms oB(M). Then(B(M), G(M)) is an
MV-pair and the MV-effect algebrB(M )/ ~¢(ar) IS
Isomorphic to)M.
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A modification of MV-pairs

Definition 7. A BG-pair is anMV*-pair If the following
conditions are satisfied:

(MVP1*) foranya,b € Bandf € G,Iifa L band

a L f(b) thenthereish € Gwithh(aVb) =aV f(b).

(MVP2*) Let L™ (a,b) ={f(a) AN g(b): f,g € G},
max (L™ (a, b)) be the set of maximal elements in
L*(a,b). Foreveryr € L™ (a,b) there is an element
m € max(L"(a,b)) such thatr < m.
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MV*pair — MV-algebra

Theorem 8. Let (B, G) be a BG-pair.(i) The relation
~¢q IS an effect algebra congruence (MVP1*) holds.
(i) If (MVP1*) holds, then the quotiert/ ~ is an
MV-effect algebra iffMVP2*) holds.

Theorem 9. Let (B, G) be a BG-pair such that (MVP1)

IS satisfied. Then (MVP2) is satisfiedf G is an
MV-effect algebra.

Theorem 10.Let (B, G) be an MV-pair, and a
G-invariant ideal inB. Then(B/I,G") is also an
MV-pair. Moreover(B/I)/G"' = (B/G)/(I/G).

(Here B/G meansB/~¢, andg’(|a];) = [g(a)]r).
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(MVP1) Is stronger that (MVP1%*)

Let B be a Boolean algebra with three atomsas, as.
The mappingf given by

f(o) = 0, f(@l) — a2, f(@z) — a3, f(@s) — a1

extends to an automorphism BfandG = {id, f, f*} is
a subgroup of AutB). (MVP1) does not hold:

a1 < aj, f(ar) = ay < aj, butthere is nd € G with
h(a1) = f(a1) andh(a3) = a3. But B/G is the chain
0] < la} < o] < [1.
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MV-pairs and states

A stateon an effect algebr&’ is a mapping

s: E —|0,1] C R such that:

(i) s(1) =1; (i) s(a +b) = s(a) + s(b) whenever L b.
States on MV-algebras coincide with states on MV-effe
algebras.

I, ={a € M:s(a)=0}is anideal.

Theorem 11.Let (B, G) be an MV-pair, and let be a
state onB which isG-invariant, that is,s(f(a)) = s(a)
forall f € G. LetM = B/G, and let¢ : B — M be the
canonical morphism. Thehdefined by (¢(a)) = s(a)
IS a state on\/.

If sis a state onV/, thens, defined byy(a) = s(¢(a)) is
a G-Invariant state onb. i nd sates —p. 1



0-1 state

If P is a generalized effect algebra (effect algebra
without 1), there is an effect algebiia = PU(E \ P)
satisfying the diagramr(is injective,r IS surjective
effect algebra morphism, and the imagera$ the kernel
of 7):

0—P5>5E5{0,1} — 0,

E- unitization of P. An effect algebra is a unitization

of some generalized effect algebraff £ has a
0-1-state.
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Example 12.Let (B, G) be an MV-pair, and let be a
G-invariant O-1-state o®. Thens is a 0-1-state on

M = B/G andM can be written ad/ = I;UI:-, where
I+ ={d : a € I;}, andM is the unitization ofl;, which
IS a generalized MV-effect algebra.

On the other hand, it/ = PUP- is a unitization of the
generalized MV-effect algebr&, then it has a 0-1-state
which extends to &/-invariant 0-1 state for the
corresponding MV-paitB(M), G(M)).

MV-pairs and states — p. 1



Perfect MV-algebra

Example 13.Let M be a perfect MV-algebra, that is,
M = RUR*, whereR is its radical and

R+ = {d' : a € R} its co-radical. Then/ is a
unitization of R. SinceR consists of all infinitesimal
elements and, there is only one stateon M/, namely
s(a) = 0 whenever € R, ands(a) = 1if s € R+,
Accordingly, there is only oné&-invariant states, for the
MV-pair (B(M),G(M)), ands is 0-1. It follows that
B(M) = PUP*, where

P={ae€ B(M):¢Yp(a) € R}

MV-pairs and states — p. 1



Theorem 14.Let M be an MV-algebraB(M) its
R-generated Boolean algebra agid B(M) — M the
corresponding full surjective effect algebra morphism,
and letG(M) be the group of all)-invariant
automorphisms aoB. (i) For every-invariant state on
B(M), s is a state onM/, which is a restriction of to

M. (ii) For every state o/, so(a) = s(y(a)) is a
G-invariant state onB(M). If moreovers is an extremal
state on)M, thens extends to a boolean algebra
homomorphism* from B(M) onto B(s(M)), and

so(a) =y o s*(a).
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Commuting diagram

M + v B(M)
s(M)+ —— B(s(M))




Remark 15. (B, G) —an MV-pair,s — aG-invariant state
on B. I, I1s aG-Invariant ideal ofB.

als the equivalence class B/, containinga € B.
Thens'([a]s) := s(a) is a state o3/ I,.

(B/Is,G") is an MV-pair, so

s9([[als]ar) = s°([als) = s(a) is a state ot B/1,)/G".

On the other hand, singals GG-invariant, we may
defined the statg&(|a]s) := s(a) on B/G.

And sincel, /G is an ideal ofB /G, we may define the

statesy([|alcls) = 5(la]a) = s(a) On (B/G)/(L;/G).

~

Clearly, s = 3.
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